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ABSTRACT. This paper is dedicated to the rigorous numerical analysis of a Mul-
tiscale Finite Element Method (MsFEM) for the Stokes system, when dealing
with highly heterogeneous media, as proposed in B.P. Muljadi et al., Non-
conforming multiscale finite Element method for Stokes flows in heterogeneous
media. Part I: Methodologies and numerical experiments, SIAM MMS (2015),
13(4) 1146-—1172. The method is in the vein of the classical Crouzeix-Raviart
approach. It is generalized here to arbitrary sets of weighting functions used
to enforce continuity across the mesh edges. We provide error bounds for a
particular set of weighting functions in a periodic setting, using an accurate
estimate of the homogenization error. Numerical experiments demonstrate an
improved accuracy of the present variant with respect to that of Part I, both
in the periodic case and in a broader setting.

1. Introduction. We consider the Stokes problem in the perforated domain Q¢ :=
O\ B, Q C R% find u: Q°F — R? and p : Q° — R, solution of

—Au+Vp=f onQ°, (1)
divu=0 on Q°, (2)
u=0 on 09°, (3)

where f : Q — R? is a given function, assumed sufficiently regular on €.

We are interested in the situations where the perforations B® have a complex
structure, making a direct numerical solution of problem (1)—(3) very expensive.
Typically, B¢ is assumed to be a set of obstacles of average size and average inter-
obstacle distance € < diam(€2), so that the mesh resolving all the features of the
perforated domain Q¢ is too complex. Our goal is to devise an efficient numerical
method that employs a relatively coarse mesh of size H > ¢ (or even H > ¢).
We borrow the concept of Multiscale Finite Element Method (MsFEM) [25, 16],
where the multiscale basis functions are pre-calculated on each cell of the coarse
mesh, using a local sufficiently fine mesh, to represent a typical behavior of the
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microscopic structure of the flow. The global approximation to the solution of the
problem in €F is then constructed as the Galerkin projection on the space spanned
by these basis functions.

The particular variant of MsFEM pursued in this article is inspired by classical
non-conforming Crouzeix-Raviart finite elements [11]. The idea of Crouzeix-Raviart
MSFEM was first developed in [29, 30] for diffusion problems either with highly os-
cillating coefficients or posed on a perforated domain. It was also extended to
advection-diffusion problems in [12] and to Stokes equation in the Part I of the
present paper [32]. In the construction of Crouzeix-Raviart multiscale basis func-
tions, the conformity between coarse elements is not enforced in a strong sense. The
basis functions are required to be continuous only in a weak (finite element) sense,
i.e. merely the averages of the jumps of these functions vanish at coarse element
edges. The boundary conditions at the edges are then provided by a natural de-
composition of the entire functional space into the sum of unresolved fine scales and
the finite set of multiscale base functions. In the present article, we generalize this
idea by introducing the weights into the averages over the edges in the definition
of the functional spaces. This additional flexibility allows us to construct a more
accurate variant of Crouzeix-Raviart MsFEM, as confirmed by the numerical exper-
iments at the end of this article. Moreover, we are now able to provide a rigorous
a priori error bounds in terms of H and € in a periodic setting, i.e. when B¢ is
populated by the same pattern repeated periodically on a grid of size €. Note that
a generalization to higher order weights (without a theoretical error analysis) as
well as to the Oseen problem, and the corresponding implementation in TrioCFD
(http://triocfd.cea.fr/) is presented in [18].

Let us mention briefly other approaches which can be applied to similar prob-
lems: wavelet-based homogenization method [13], variational multiscale method
[33], equation-free computations [28], heterogeneous multiscale method [14] and
many others. For viscous, incompressible flows, multiscale methods based on ho-
mogenization theory for solving slowly varying Stokes flow in porous media have
been studied in [9, 8]. Returning to the MsFEM-type approaches, we should men-
tion a big amount of work on the oversampling approach, first introduced in the
original work [25] to provide a better approximation of the edge boundary condition
of the multiscale basis functions. Oversampling here means that the local problem
in the coarse element is extended to a domain larger than the element itself, but
only the interior information would be communicated to the coarse scale equation.
Various extensions of the sampled domain lead to various oversampling methods, cf.
[16, 10, 23, 15]. Although an oversamping-based MSFEM for the Stokes equation
is a possible direction of future research, we choose not to introduce the oversam-
pling in this article. This is motivated by the numerical comparison between the
Crouzeix-Raviart MSFEM and oversampling based approaches in [30] for diffusion
problems on perforated domains demonstrating that the Crouzeix-Raviart MsFEM
outperforms all the other variants.

This paper is organized as follows. The Crouzeix-Raviart MsFEM is presented
in Section 2. We recall there namely the construction from Part I [32] and explain
and motivate some modifications and generalization we make to this construction
here. We also announce there the main theoretical result of the paper: an a priori
error bound in the case of periodic perforations. The rest of the paper (with the
exception of some numerical experiments) is constrained to this periodic setting.
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Section 3 deals with the homogenization theory. We prove there an estimate of the
error committed by the approximation of the Stokes equations with the Darcy ones.
Section 4 deals with some technical lemmas. Section 5 presents the proof of the
MsFEM error bound. Finally, the numerical tests are reported in Section 6.

2. MsFEM a la Crouzeix-Raviart. We assume henceforth that € is a polygonal
domain. We define a mesh Ty on €, i.e. a decomposition of  into polygons, each
of diameter at most H, and denote £y the set of all the edges of Ty, £t C £ the
internal edges and £(T) the set of edges of T' € Ty. Note that we mesh €2 and not
the perforated domain 2°. This allows us to use coarse elements (independently of
the fine scales present in the geometry of Q°) and leaves us with a lot of flexibility:
some mesh nodes may be in B¢, and likewise some edges may intersect B°.

We assume that the mesh does not have any hanging nodes, i.e. each internal
edge is shared by exactly two mesh cells. In addition, Ty is assumed to be quasi-
uniform in the following sense: fixing a polygon T C R? as reference element (one
can also have a finite collection of reference elements), for any mesh element 7' €
T, there exists a smooth invertible mapping K : T — T such that ||[VK||p~ <
CH, |[VK~ ||z« < CH™!, C being some universal constant independent of T,
which we will refer to as the regularity parameter of the mesh. To avoid some
technical complications, we also assume that the mapping K is affine on every edge
of OT. These assumptions are obviously met by a triangular mesh satisfying the
minimum angle condition (see e.g. [6, Section 4.4]), but our approach carries over to
quadrangles, which are in fact used for our numerical computations, or to general
polygonal meshes (in the flavor of Virtual Finite Elements [4]).

We shall use the usual notations L?(w), H*(w) for Sobolev spaces on a domain
w. We shall also denote L(w) = {p € L*(w) : [,p =0} and H}(w) = {u € H'(w) :
ulsw = 0}. We shall implicitly identify the functions in H{(92°) with those in
H1(Q) vanishing on B®. The weak form of (1)—(3) can be written as follows: find
(u,p) € HE ()2 x LZ(QF) such that

() 0.) = [ foo. V(o.g) € HIQO x I3@)
with
¢ ((u,p), (v,q)) = . Vu: VU—/EdeV’U—/EqleU. (4)

We shall also need the broken Sobolev spaces of the type
HY(Ty) = {ue L*(Q) : ulp € HY(T) for any T € Tyr } .

The partial derivatives d;u of a function u from H!(7z) will be understood in the
piecewise sense, i.e. d;u will be assumed to coincide on any mesh cell T' € Ty with
the distributional derivative of u|r in D(T). In particular, the H! semi-norm of a

1/
function u € H'(Ty) space will be understood as |u|g1 (o) = (ZTeTH \uﬁ{l(T)) .
In the sequel, for the sake of simplicity, we will denote the norms on vector valued

spaces in the same manner as for scalar values spaces.

The idea of the Multiscale Finite Element Method (MSFEM) ¢ la Crouzeix-
Raviart is to require the continuity of the finite element functions, which here are
highly oscillatory, in the sense of some weighted averages on the edges. We have
adapted this approach to the Stokes equation in [32] using the simplest possible
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set of weights on the edges. We are now going to recall the main ideas of this
construction and to generalize it to arbitrary weighting functions.

2.1. Functional spaces. Let us fix a positive integer s and associate some vector-

valued functions wg 1,...,wes : E — R? to any edge E € Ey. As in [32], we first
introduce the extended velocity space
pert . [ UE L?(Q)? such that u|r € HY(T)? for any T € Ty,
S u=0on B, and [ [[u]] - wp;=0foral E€&y, j=1,....s [’

where [[u]] denotes the jump of u across an internal edge and [[u]] = u on the
boundary 0f). The idea behind this space is to enhance the natural velocity space
HJ(9¢)? so that we have at our disposal the vector fields discontinuous across the
edges of the mesh. Indeed, our aim is to construct a nonconforming approximation
method, where the continuity of the solution on the mesh edges will be preserved
only for the weighted averages. We shall need some technical requirements on the
weights:

Assumption 2.1. For any E € €y, span(wg1...,wEs) D ng, the unit normal to
E.

Note that the original construction from [32] is recovered by setting the weights
as s =2, wg,1 =€) = (1) , WE2 =€y = < (1) > on all the edges. Assumption 2.1

is then trivially verified. This will be also the case for another choice of the weights
introduced later in this article.

The following assumptions deal not only with the weights but also with the
manner in which the holes B, intersect the mesh cells.

Assumption 2.2. Take any T € Ty and any real numbers ¢, ... cZ on all the
edges E composing OT. There exists v € HY(T)? vanishing on TN B and such that

va~wEvi:cZE, t=1,...,s for all the edges E.

Assumption 2.3. For any T € Ty, let Cq,...,C, be the connected components
of TNQF and choose any real numbers cy,...,c, with Y., ¢; = 0. There exists
w € HYT)? vanishing on T N B and such that fac,- w-n=c,1=1,...,n and
wa~wF,j =0 for all the edges F of T and j =1,...,s.

Remark 1.

1. Assumption 2.2 above will be valid provided the weights wg1,...,wg, s are
linearly independent as functions on E'\ B¢. In particular, no edge E should
be covered completely by B°. Note that the situations where some edges
FE are covered by B® can be easily handled by a slight modification of the
forthcoming MsFEM method, cf. Lemma 2.4: one should simply ignore such
edges when constructing the MsFEM basis functions.

2. Assumption 2.3 on the other hand may impose some restrictions on the choice
of the mesh with respect to the perforations. However, it will be satisfied in
most typical situations. First of all, we emphasize that this Assumption is
void if T'NQF is connected (one has then n =1, ¢; = 0, and one puts w = 0).
Moreover, the required function w can be easily constructed if, for example, a
mesh element T is split by B¢ into two connected components C7, Cy and one
of its edges, say F, is split into two non-empty connected components, say
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FIGURE 1. A typical situation where Assumption 2.3 does not
hold. The fluid domain T N Qf is in white and the edge FE is
in bold.

Ec,, Ec,: one can prescribe then the required non-zero averages of normal
fluxes of w on E¢, and E¢, while letting w - n equal to 0 on the remaining
parts of the boundary of C; and C5. Similar constructions can be imagined
in other more complicated situations.

3. A situation where Assumption 2.3 is not fulfilled is illustrated in Fig. 1. We
have there n = 3 connected components (it can be generalized to any n > 3)
and one of them, say the connected component C;,, intersects exactly one
edge F, which itself does not intersect any other connected component: there
is 1 <ig < n with EN (U;C;) = Cy, and C;;, N 9T C E. One can then
choose ¢;, > 0. Any w fulfilling the requirements is such that f oc, W=

fEﬁCm wen = wa -n = ¢, > 0. This is clearly incompatible with the

condition [, w-wg; =0 for all j, in view of Assumption 2.1.

We introduce now the combined velocity-pressure space X&'t = V5 x M,
with M = L3(Q°) := {p € L*(Q°) s.t. [,. p=0}. The space X is then de-
composed into coarse and fine components:

X;—th =Xu @X?ia (5)

where X% =V x MY, is the space of unresolved fine scales with

VIPI:: {uerIM:/u-wE’jzo VE € &y, jzl,...,s},
E

S

I{pGM: p=0 VTGTH},

TNQ:
and Xy is chosen as the “orthogonal” complement of X9 with respect to c, the
natural bilinear form (4) associated to the Stokes problem:

(Gm,pu) € Xug <= c((@n,pn), (0.9)) =0, Y(¥,q) € X§. (6)

We have put the word “orthogonal” in quotes since the bilinear form ¢ is not a
scalar product. We shall see however that the subspace Xy C X&' defined by
(6) is finite-dimensional and forms indeed a direct sum with XY, as announced in
(5). This will be clear from the forthcoming Lemma 2.4. The space Xpg in (6)
will be referred to as the Crouzeix-Raviart MsFEM space and used to construct an
approximation method.

An examination of the orthogonality relation (6) permits us to construct a basis
of Xy in a localized manner, i.e. the support of every basis functions will cover a



6 GASPARD JANKOWIAK AND ALEXEI LOZINSKI

small number of mesh cells, as in the standard finite element shape functions. To
this end, we define the functional spaces My C M and Vg C V5* as

My = {q € L3(Q°) such that q|rnq: = const, VT € Ty}, (7)
Vg =span{®p;, E€ &t i=1,... s}, (8)
where ®p; for any E € £ i = 1,...,s is the vector-valued function on 2,

vanishing outside the two mesh cells T7, T, adjacent to F, and defined on these two
cells together with the accompanying pressure 7g ; as the solution to the following
problems: for k = 1,2, find ®5,; € H'(T})* st. ®p; = 0 on Ty N B, 7g,; €
Li(T, N QF), and Ap; € R for all F € £(Ty), j =1,...,s such that

/ V&g, : Vv 7/ g, divo 7/ qdiv®g;
TNOQE TNQE TN

+i: Z )\F,j/U'WF,jZO, (9)

J=1 FE&(Tx) F
05, F=F
Dp . -wri =00 = 1] , 10
/F Ei F.j ijOEF { O, F#E ( )
for all v € HY(Tx N Q%)% s.t. v|r.ape = 0, ¢ € LE(Tx N QF), and for all F € E(Ty),
j=1,...,s. The unknowns Ap; in (9) serve as the Lagrange multipliers for the

constraints (10).

Remark 2. In the strong form, problem (9) can be rewritten as: find 5, and
Tg,; that solve on Ty, k= 1,2

—A®p,;+ Vg, =0, on QF N Ty,
div®g ; = const, on Q° N7,
®p,; =0, on BN Ty,

VOgn—mgn € span{wr1,...,wrs} on FNQ®  forall Fe&(Ty),

/ (I)E,i'WF,j:5ij6EF for a,HFEg(Tk), j=1,...,s,
F

/ TE,i = 0.
QeNTy

The functions (®g s, TE,;), together with the piecewise constants for the pressure,
form indeed a basis of the Crouzeix-Raviart MSFEM space Xgy. We make this
precise in the following

Lemma 2.4. Under Assumptions 2.1-2.3 the problems above are well posed and
the MsFEM space Xy from (6) can be identified with

Xu = span{(upg, 7 (un) + Pr), ug € Vi, pa € Mu}, (11)

where Ty : Vg — span{rg;, E € Rt i=1,2} C MY is the linear mapping such
that T (®Pp,;) =7, for all E € £t i =1,2.

Proof. The well-posedness of problem (9) on any mesh element T}, (denoted simply
by T in the sequel of this proof) follows from Assumption 2.2, which ensures that
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one can prescribe the needed values to f pPEi-wrj on all the edges F' of element
Ty, and from the following inf-sup condition

.qgdivoy
inf sup Jrog- 94V >0, (12)

eL3(T09) vev, o(7) 14l L2 (rnae) [0l m(r)

with

Vi) =A{v: HY(T)*: / v=0,VE€&(T)and v=0o0n B°NT}.
E
In turn, property (12) can be established thanks to Assumption 2.3. Indeed, this
property is evident if 7'M QFf is connected: given ¢ € L3(T N QF) one takes then
veE HI (TN C Vi o(T) (assuming that v is extended by zero on B¢) such that
divv = ¢ and the H' norm of v is bounded by the L? norm of ¢ (the existence of
such a function is assured by [20, Corollary 2.4, p.24]). If not, recall the connected
components Cq,...,C, of T'N Q= denote ¢; = fC{ q for a given q € LE(T N QF),
observe Y | ¢; = 0 and consider the function w from Assumption 2.3. We have

w € Vyo(T) and
/divw:/ w-nzciz/ q.
C; oC; C;

One can now choose w'® € H}(C;)? on each component C; such that divw(® =
q — divw on C;. Such functions exist thanks to the above mentioned result from
[20] since fci (¢ — divw) = 0. Setting v = w 4+ w® on C; and v = 0 on B° gives
v € Vfo(T) such that dive = ¢. By construction, the H! norm of v is bounded by
the L? norm of q.

To prove the other statements of the proposition one can easily adapt the proofs
of Lemmas 3.1, 3.2 and Remark 3.3 in [32] with obvious modifications induced by the
more general constraints [[[u]] - wp,; = 0, replacing [,.[[u]] = 0 in the definition
of V§*. We shall not go into the details of these modifications for the sake of
brevity. We emphasize only that Assumption 2.1 is indeed necessary to conclude.
For example, the proof that an pudive = 0 for any py € My and v € V), cf.
Lemma 3.1 in [32], goes like this

/ pydive = Z}‘)H|T/divv: ZﬁH|T/ v-n=0.

N TET T TETy or

The last equality above is justified by span(wg1 ...,wg,s) D ng on any edge E of
T. O

From now on, we can think of Vg as the finite dimensional space defined by
(8). From this construction, we see easily that div(Vy) C My. Indeed, div(vy) is
piecewise constant on Ty for any vy € Vg and

divor = 3 /Tdiva: 3 /E[[UH-nE]]zo.

Qe TETH Ecéy

In fact, div(Vyg) = My as will be shown in Lemma 2.5.
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2.2. The MsFEM approximation. The approximation of the solution to the
Stokes problem (1)—(3) now reads: find uy € Vi and py € My such that

Vug : Vog —/ py divoy = f-vg Yvg € Vg, (13)

Qe € Qs

/ g divug =0 Vg € My, (14)

Existence and uniqueness of the solution to (13)—(14) follows from the standard
theory of saddle-point problems provided the pair of spaces Vi x M satisfies the
inf-sup property. This is indeed the case, as shown in the next lemma.

Lemma 2.5. Assume that the continuous velocity-pressure inf-sup property holds
on QF with a constant 5 > 0, i.e.

) Jo- pdivy
inf sup >
PELF(927) ye HE (02°)2 Ipllz2(00) || m1 ()

Then, the discrete inf-sup property holds on Vi x My with the same constant 8 > 0:

. Jo- pr divoy
inf  sup =
pEME oy evy P L2 VA H (00)

More precisely, for any pg € My there exists vy € Vg such that
divog =pg on TNQ5, VT € Ty and  |va|pi (o) < %HpHHLz(QE) .
Proof. Take arbitrary py € My and v € H}(9°)? such that
divo=pg on O and [olgae) < %HpHHLQ(Qe).

Decompose v = vy + 0% with vy € Vi and 0% € V. Assuming that v is extended
by 0 inside B®, this implies [, v-ng = [, vy -np on any E € £y so that for any

Te Ty
/ diva:/ vH-n:/ v~n:/ divvz/ PH -
TNQe oT orT TNQe TNQe

Since both divvy and py are piecewise constant on Ty, we conclude divvyg = pgy.

Moreover, [,. V(v —vg): wg = 0 for any wy € Vi by the construction of Vi,
cf. the orthogonality between Xy and XY . Hence |vg|z: < |v]g1 which proves the
Lemma. O

In fact, the velocity ug given by (13)—(14) can be characterized in a simpler
manner: find uy € Zg such that

Vug : Vg = f"UH7 Vvg € Zg , (15)
Qe Qe

where Zp is the divergence free subspace of Vi :
Zyg = {uy € Vg such that divug =0onany T € Ty }. (16)

This fact will be useful in the proof of the error estimate.
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Remark 3. Our method can be easily adapted to non-homogeneous boundary
conditions on the outer boundary 0f, i.e. when (3) is replaced with

u=gond) and wu=0ondB°. (17)
One should then add the following equations on all the mesh edges E lying on 0§

/UH'WE,]‘:/Q'WEJ', j=1...,s.
E E

2.3. Possible choices of weighting functions. We now consider two choices of
weighting functions, leading to 2 variants of multiscale spaces:

CR2:5=2, wg1 =e€1, Wga = €2, (18)
CR3:5=3, wg1 =e€1, Wg2 = €2, Wg3="NgYE, (19)

for any E € £y. Here ng denote again a unit vector normal to E and ¢ g a linear
polynomial on F such that f z%E = 0. The actual choice of ng and ¥ g should be
made once for all, but is arbitrary otherwise.

2.0898 37959
1.9317 37793
1.7736 36543
1.6154 e - s - — - 36431

ux ux
27224 6.8498
25642 57809
24061 47120
22480 38602

1.4573 29257
1.2992

25743
1.1410 22592
09829 1.5054
08247 1.3441
0.6666 1.0824

0.5085 09007
03503 06003

0.1922 04365
0.0341 00526
-0.1241 06323
-0.2822 -1.7012
-0.4403 27701
05985 \/—\/\/ -3.8390

0.7566 -4.9078

FIGURE 2. Basis function combination ®1p = ®1, 1 + P 1. Left:
& r computed with CRqy basis functions (18); Right: &5z com-
puted with CRj3 basis functions (19). We show the stream-lines
associated to these vector-valued functions. The colors represent
their xz-components.

We recognize the space CRy as being the MsFEM space from the Part I of the
present series [32] where it was successfully tested numerically. It can however be
quite inefficient in certain situations, especially when some of the mesh cells contain
a lot of densely packed holes. Consider, for example, a geometrical configuration as
in Fig. 2. We represent there a mesh cell (a square), say T' € Ty, which happens
to contain 9 round holes. We plot on the left the sum of basis functions ®rp =
@ 1+Ppr,1 from the CRy basis associated to the two vertical sides of T', L being the
left side and R the right side of T" and assuming that the unit normal is chosen in
the direction e; on both edges L and R. We thus impose the flow to be (in average)
in e; direction on both vertical sides of T' and to vanish (in average again) on both
horizontal sides. We consider a sum of basis functions, rather than a basis function
alone, since div(®rr) = 0on T as [ div@rr = [ Pr1-e1 — fL71 ®;, e =0,
while fT div @ 1 = const # 0 there. The vector field ®1r should model, roughly
speaking, the flow from left to right inside T'. However, the actual behavior of & r
is quite different and counter-intuitive: the fluid seems to turn around the corners
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of the cell T, which have of course no physical meaning, and barely penetrates
inside T between the obstacles. One concludes thus that the CRy space Vg cannot
be used in general to construct a reasonable approximation of the solution to the
Stokes problem. Turning to the alternative CRg3 space, we plot at Fig. 2 on the
right the same linear combination ®;, ;1 + ®r 1 of basis functions. We see now that
their behavior is at least visually correct. The superiority of CR3 over CRy will be
further confirmed by other numerical experiments in Section 6. Moreover, we shall
be able to prove an error estimate for the MsFEM approximation using the CRs
basis functions, cf. Theorem 2.7 below and its proof in Section 5.

Remark 4. Following [30], one could think that the drawbacks of CRy basis func-
tions could be fixed if one added appropriate multi-scale bubble functions to the
CRy MSFEM space. One could thus introduce for any T' € Ty the vector-valued
velocity bubble ¥ ; with associated pressure 07 ;, 1 = 1,2 with W ;, 07 ; supported
in T" and solution to

—A\I/T’Z' + VQTJ' =e; on Q°NT,
divVUp,; = on Q°NT,
Wr; =0 on BENT,
VU ,n—0r;n = const on FNQ* forall Fe&(T),
/ Up,; =0 for all F € E(T),
F

| emi=o.
Q=NT

We plot such a function at Fig. 3 in a setting similar to that of Fig. 2 and
observe that it could indeed restore the typical flow features lacking in the CRy
basis functions. However, CRo, MSFEM space, even enhanced with such bubble
functions, would perform poorly with respect to the non-conformity error inherent
to our method, cf. Remark 6. This is why we have chosen not to consider the
bubble functions in the present article, contrary to [30].

More general choices for the weighting functions, using higher order polynomials
and eventually introducing some appropriate bubble functions, are proposed and
tested numerically in [18, 19].

ux

0.002
0.0017619
0.00152381
0.00128571

0.00104762
0.000809524
0.000571429
0.000333333
9.52381E-05

-0.000142857

-0.000380952

-0.000619048

-0.000857143

-0.00109524

-0.00133333

000157143

-0.00180952

-0.00204762

-0.00228571

-0.00252381

-0.0027619

-0.003

FIGURE 3. Bubble function W7 ; on the same mesh cell T" as at Fig. 2.
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2.4. Periodic case. The theoretical study of the MsFEM method introduced above
will be performed only in the case of periodic perforations. Moreover, we need to
be careful about the introduction of perforations near the boundary 9€2. We adopt
thus the following set of hypotheses.

Assumption 2.6. Q € R? is a bounded simply connected polygonal domain, B is
a periodic set of holes inside Q, described below, and QF = Q\ Be. Consider first
the reference cell, the unit square Y = (0,1)%, a domain B C Y with sufficiently
smooth boundary (the obstacle domain), and F =Y \ B (the fluid domain). Assume
dist(0B,0Y) > 0 and F connected. Take ¢ > 0 and define for any i € Z*: Y; =
e(Y+1i), Bi=e(B+1), F; =e(F +1). Finally, set
IT={icZ*:Y,CQ}, B°=UjcrB; and Q° =Q\ B°.

These definitions are illustrated in Fig. 4. Note that our definition of the perfo-

rated domain is slightly different from that of [31], where QF is perforated by all B;

that are enclosed in ). Here, we only leave the holes B; contained in a cell Y; which
is itself inside 2.

Q\ UiezYi

N

FIGURE 4. Domain setup, €2° is crosshatched and its boundary is
in bold lines

We can now announce our main result, i.e. the error estimate for the CRs
MsFEM method.

Theorem 2.7. Adopt Assumption 2.6 on the perforated domain Q° and 2.2-2.3
about the mesh and the weighting functions used to set up the MsFEM method.
Assume moreover that the weighting functions are chosen as in (19). Suppose also
that f and the homogenized pressure p*, cf. Section 3, are sufficiently smooth. The
following error bound holds between the solution to the Stokes equations (1-3) and

its MsFEM approzimation (13)—(14)
lu—urlmo) +elp = pall2

€ . «
< Ce(H+vE+ /57 ) (IF = Vi e + L), (20

where the constant C' depends only on the mesh reqularity and the perforation pattern
B.
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The proof is postponed until Section 5 and will use the results on homogenization
from the next section and some technical lemmas from Section 4. Note that the
norms of both f and p* are present in the right-hand side of (20). This is due to
the low regularity assumption on 92 (we only suppose that 2 is polygonal). If the
boundary of 2 were sufficiently smooth, the norms of p* could be bounded by the
norm of f by the elliptic regularity estimates for problem (27)-(28).

3. Homogenization for Stokes in two dimensions.

3.1. The formal two-scale asymptotic expansion. We want to derive the as-
ymptotic equation corresponding to (1), in the limit &€ — 0 under Assumption 2.6
of periodic obstacles. Let us do it first formally by introducing the two-scale as-
ymptotic expansions in terms of slow variable z and the fast variable y = x/e. This
procedure is quite well known, see for example [24, 35]. We describe it here for
completeness and to set our notations. Let us expand » and p as

u(z) = Fug(a,y), p(x) = Fpr(a,y), y==,

€
k>2 k>0

where all the functions uy, p, are assumed Z2-periodic in y, i.e. 1-periodic with
respect to both y; and yo. The fact that the expansion for v can be started at the
order €2 and that of p at the order €° can be justified by energy estimates. Without
going into these details, we just observe that this choice allows us to obtain a closed
system of equations for consecutive terms, as shown below.

We substitute these series into the Stokes equations, use the chain rule, and get
in the leading order %,

Vypo=0 onF.

This gives po(z,y) = p*(z).
At order £ we get
_AyUQ + Vyp1 = f=Vup* onF,
divy uz =0 on F,
ug =0 on 0B.
Recalling that us and p; are Z2-periodic in ¥, this gives that us and p; are the linear
combinations of the solutions to the following cell Stokes problems: for i = 1,2 find
w; : F = R? and 7; : F — R, Z?-periodic and solution of
—Aw; +Vm;, =e¢; onF, (21)
divw; =0 on F,
w; =0 on 0B,

/7Ti=0.
F

We have thus, employing from now on the Einstein convention of summation on
repeating indices,
ug(z,y) = wi(y)(fi(z) — dip™ (), (22)
pi(z,y) = mi(y)(fi(z) — Oip*(2)).
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The equation for p*(x) results from the next term in the asymptotic expansion,
at order e:

—Ayu;g + vypz = 2(Vy . VI)UQ —Vep1 onF,
divy ug = —divy us on F,
uz =0 on 0B,

plus periodicity conditions. The total outward flux of ug on dF is zero in view of
the boundary conditions, so that the system of equations above has a solution if
and only if (div, us) = 0 where (-) stands for the average over F:

1
V)= v(y) dy. 23
This gives Darcy’s equation for p*:
div({w;)(fi — 9p")) =0 on Q.

We see that ug and ps are the linear combinations of the solutions to yet another
cell Stokes problem: for 4,5 = 1,2 find v;; : F — R? and 9;; : F — R, Z?-periodic
and solution of

—A’yij + V’l%] = 28jw,» — i€ on F,
divy;; = —w; - ej + (w; - e;)  on F, (24)
vij =0 on 0B,
/ 191‘]‘ =0.
_7.-
‘We have thus
us(z,y) = 7i; (¥)9; (fi(x) — Oip*(x)) (25)

p2(z,y) = V45 (y)0; (fi(x) — 0ip™(2)) -
From now on, we will denote by u* the homogenized velocity, i.e. the first non-
zero terms in the expansion of u:

u* = fuy(z,y) = & (wy): (fi — ip*) . (26)

Notation. We use a shorthand (-). to indicate the rescaling by . Thus, (¢).(x) =
¢ (£) for any Z* periodic function ¢.

The procedure above does not provide boundary conditions for p*. The good
choice for these is to ensure that the normal component of the averaged homogenized
velocity vanishes on the boundary, i.e. n- (u*) =0 on 0.

3.2. A rigorous homogenization estimate. The homogenization of the Stokes
equations was first rigorously studied in [37], where the weak L? convergence for the
velocity and the strong L? convergence for the pressure were established. The strong
L? convergence for the velocity was later proven in [1]. However, for our purposes,
it is desirable to have a convergence result in H' and, moreover, an estimate of
the homogenization error in this norm. Such an estimate is available in [31] with
a relative error of order /. We shall improve it here to /¢ and provide another
approach to the proof (as already noted, our definition of the perforated domain
is slightly different from that in [31]). Our homogenization result follows. Very
recently, similar estimates have been also proven in [36] by a different approach:
the proof of [36] goes by constructing the boundary layer correctors, whereas our
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proof relies on a simpler cut-off argument. We also note that, unlike [36] and much
of the preceding literature, we do not introduce a pressure reconstruction inside the
holes B¢; our estimate for the error in pressure is established in the fluid domain
only. There is also some discrepancy in the settings between our results and those
of [36]: the regularity assumption on the data f and on the smoothness of the
boundary 0f2 are not the same. In particular, we choose not to rely on an elliptic
regularity argument to deduce the reularity of p* from that of f since our theorem
should be valid in polygonal domains. That is why p* is kept in the right-hand side
of our error estimates.

Theorem 3.1. Recall Assumption 2.6 and let u,p be the solution to the Stokes
equations (1 )=(3), p* be the solution to the Darcy equation

div({w;)(fi — 9ip*)) =0  on Q, (27)
n-A{w)(fi —%ip*) =0 on 0Q, (28)

and u* be defined by (26) with w; extended by 0 inside B. Assuming that f and p*
are sufficiently smooth and ng p* = 0 there holds

* 1 *

Ip = p*llL2(0e) < Ce2[|f = VD'l 2(0)ncr @) » (29)
. 3 .

lu —u*[m(ae) < Ce2 | f = VD™l g2 )ncr @) » (30)
* 5 *

[u—u*|z200) < Ce2 || f = VD" m2@)ncr (@) - (31)

where C' is independent of €.

Remark 5. The estimate for the velocity in the H' norm essentially says that
the relative error is of order y/z. Indeed, the velocity itself is of order £2, but
its derivatives are of order e since both the exact solution and its homogenized
approximation oscillate on the length scale €. Also note that the deterioration
of order /¢ is due to the boundary layers near 9. Indeed, u* does not satisfy
the boundary condition u = 0 on 92, which worsens the approximation near the
boundary. Technically, this is taken into account by the introduction of the cut-off
function n° in the forthcoming proof. If the boundary layers were absent, which
would be the case, for example, under the periodic boundary conditions over a
rectangular box Q = (0,en) x (0,em) with n,m € N, the a priori error estimate
would give the relative error of order €. Indeed, inspecting the forthcoming proof,
one can see that neither Lemma 3.3 nor the cut-off functions n° are no longer needed
in this case and the final result becomes

1 * 1 * * *
;QHU—U lz2(qs) + g\u—u lr1@) + Ip = p*llL2(0) < Cellf — VD™ || a2(a0) -

First, let us establish two technical lemmas of the inf-sup type related to the
divergence free constraint (Lemma 3.2) and to the boundary conditions for the
velocity (Lemma 3.3). All these results are proved under Assumption 2.6.

Lemma 3.2. For any q € LE(QF) there exists v € H}(QF)? such that
. . C
dive = q on Q° and |v|g1(ge) < qu”LQ(QE) , (32)

where C' > 0 is a constant independent of €.

Proof. Let us take any ¢ € L3(f2) such that ¢ = 0 on B¢. Using [20, Corollary 2.4,
p.24], we can pick some w € Hg(2)? such that

divw = q on Q and |w|g1 ) < Cllqllz2(0).- (33)
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This gives us a velocity field w on ) that does not satisfy the boundary conditions
on ¢, i.e. w # 0 on dB*. Using it as a starting point, we can construct an admissible
velocity field on each cell F;, proceeding cell by cell, as follows.

Let us pick any ¢ € Z, denote by wy;,, qv, the restrictions of w, g to the cell Y;
and map them to the reference cell Y:

Wy (z) = wy,(e(z +14)), dv(z) =gy, (e(x +1)).
The scalings are chosen so that
diviy = gy on Y.

A standard trace theorem assures that there exists r € H1(F)? such that

r=wy ondY, r=0ondB and ||r||H1(;)§C’||1Z)y||H2(ay) Cllwy || g1 (yy.-

Using again the corollary from [20] mentioned above and noting that

[ v v [ rone i [ o [y amin o
8.7-' oYy

we can construct z € H}(F)? with
divz = gy —divr and [|z]| g1 () < Cllgy — divr||p2r) < Clldy | gy
Setting now 9y € H'(F)? as 9y = r + z we observe
by =tby on Y, By =0ondB, diviy =gy and ||ty ||z ) < Clldy | v

Note that the constants C' in the above bounds depend only on the geometry of F.
In particular, they are obviously e-independent. We now rescale the cell Y back to
the cell Y; of size € and define vy, € H'(F;)? by 9y (x) = vy, (e(x + i)). Recalling
the scalings of the functions and of their norms
1
2
i) <

ﬁy(aﬁ) = 'UY( (-T'F’L)) ‘UY|H1 =

Wy (z) = wy, (e(z + 1)) = ||uay||H1:<
Qv (z) = eqy, (e(x + 1))

ldy Iz =
we conclude
div vy, = qy; on F;, vy, = wy, on 0Y;, vy, =0 on 0B;, (34)
and
oyl r) < (vi) -

We now collect all the pieces vy, into v € H}(QF)? such that v]y, = vy, for any
cell Y;; i € Z and let v = w on € := Q \ U;ezY;. Such a function v meets all the
requirements of the lemma. Indeed, divv = ¢ on Q¢ and

|v|%11(§25)2 =
i€
C
< ‘w|H1 @) T Z -2 ”w”Hl(Y) =22 ||wHH1(Q) 22 ”q”Lz(QE)'
1€L

O

Lemma 3.2 is very close to the results on the restriction operator in [37, 26].
Our next result is essentially taken from [31] but we provide here a slightly simpler
construction that suits well to polygonal domains.
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Lemma 3.3. For any g € C*(Q)? withdivg =0 on, g-n =0 on 98, 6 > 0 small
enough, there existsv € H'(Q)? such that supp v C O° := {x € Q : dist(x,0Q) < &}
and o

v=gondQ, divv=0o0nQ, and |[v|g1 o) < \/gHchl(Q) ,

where C' > 0 is a constant independent of 6.

Proof. According to [20, Theorem 3.1], we can write g = V4V for some ¥ € H'(9),
with V+ = (=0s,01)T. In fact, ¥ € C?(Q) as seen from the explicit construction

—

V)=~ [ gt dR,

where  is any point in €, a is a fixed point in 2, g* = (—go, g1)7

and the integral
is taken over any curve connecting a and x (parameterized by a vector function R)
Note that g-n = VU -7 = 0 on 99, where n (resp. 7) is the unit vector normal
(resp. tangent) to 0€2, so we can choose ¥ such that ¥(z) = 0 on 9. We can now
pick a cut-off function n € C°°(2) such that 7(x) = 1 on 0O%2, n(z) =0 on Q\ O?,
and ||V~ < &, [V2n||r~ < . Here and below, C stands for positive constants
independent of §. Now, setting v = V+(n¥), we have dive = 0, supp v C 0%, v =g
on 0f), and
ol () = IVVE(09) [ 22 0)

§||77VVL‘I’HL2(06) + 2||(V77)(VJ_\II)”L2(O5) + ||‘I’VVLTI||L2(06)
C C
<C|IVgllz2(05) + §||9||L2(05) + 5*2“‘1’\&2(06)
C C
<CV6||Vgll =) + %HQHLO‘J(Q) + WH\IJHLW(OJ)

since meas(0°) < C§. We observe now that any point x € O° can be connected
to a point y € 9Q by a segment of length no greater than § lying in O°. Recalling
that ¥(y) = 0 and using the Taylor expansion of order 0 gives |¥(z)| < §|VT(z)|
for some point z lying on this segment. Thus,

W] Loe (05) < Ol|V¥|Loo 05y = 0|9l Lo () s
which yields the result. O
We remind also a Poincaré inequality on the perforated domain.
Lemma 3.4. Under Assumption 2.6, for any ¢ € HL(QF)

[l z2(0) < Celolm(ac) (35)
with a constant C > 0 independent of ¢.

Proof. This is a corollary of Lemma 4.6 proven below. The present lemma can be
also proven directly, cf. for example [24] or [30, Appendix A.1]. The definition
of the perforated domain in these references is slightly different from the present
article (the perforations are maintained near the boundary) but this does not change
essentially the proof, since the band where the perforations are eliminated is of width
~E. O

Proof of Theorem 3.1. Consider

wgzwi—|f|<wi>:wi—/wi,
Y
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with w; extended by 0 inside B and observe that divw] = 0 on Y (in the sense of
distributions), w! is Z2-periodic and of zero mean over Y. Thus (cf. [27, p. 6]) there
exists a Z2-periodic function v; such that

w; — |F|(w;) = Vb on Y.

In fact, v; can be assumed as smooth on F as we want, as seen from its explicit
construction

%@=L@M%WPMMMMML

and the fact that w; is smooth thanks to our assumptions on perforation B.
Assumptions 2.6 also implies that there exists a constant ¢ > 0 such that O°
with 0 = ce does not intersect the holes U;ezB; (here, 0? stands for the band of

width § near 90 as in Lemma 3.3). Let us choose a cut-off function 7° € C>°(Q)
with 7¢ = %—’5 =0o0n 99, n°(x) =1 on Q\ O° and

£ £ £ C () C
77l @) = L 11 = n%llz2(e) < CVE, [flm@) < 7 2 @) < - (36)

We now consider the expansion of the velocity of order 3 in € and correct it using
the cut-off n° to take into account the boundary layer:

ut? = 2| Fwi) (fi — 0ip™) + €V ((i)en) (fi — Oip”)

+ &% (Yig)en0i (fi — Oip™) -
The lower index (). is used here and below according to Notation on page 13. We
also assume that 7;; are extended by 0 inside B so that u®? is well defined on the

whole of ©. Remind that 7° =1 on '\ 09 so that the expression for v simplifies
on this portion of Q to

u™? = u' +efug = 2 (wi)e(fi — 0ip”™) + € (7i)=0; (fi — ") (38)

It means in particular that ©*3 vanishes on the holes B;, i € 7 which are all inside
Q\ O°. Let us compute divu®3 knowing that the divergence of the first term in
(37) vanishes by (27):

divus? = e2(VEhy)an® - V(fi — 0ip™) + €3(:) Vi - V(i — 0ip®)
+ &%(divvij)en®0; (fi — Bip”)
+ 3 (vij)e - (V09)0;(fi — Oip™) + €% (vij)em® - VO, (fi — Oip™) .

Grouping together the terms of order 2, using equation (24) for div Vi, and denot-
ing by G. all the terms of order &3, namely

G =)V - V(f — 0ip”)
+ &% (vig)e - (V)05 (fi = 0ip™) + €% (i)en® - VO;(fi — Dip”*) ,
we proceed with the calculation as
div s = e (w; — |Fl(ws) — (i — wi))e - V(i - 0") + G
= &2n°| B div({w;) (fi — 9ip*)) + G = G. .

(37)

Note that this equality also holds trivially inside any hole By, k € Z2 since both
sides vanish there. Thanks to the bounds (36), we conclude

3 .
Gellrzae) < Cez||f = Vp*lm2)ncr @) »
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with C' > 0 independent of €. We also note for future use
u—u? = g:=—*|F|(w;)(f; — 9p") on 09. (39)

We now turn to estimates for the residual in (1) caused by the homogenization.
One of the technical difficulties consists in the presence of “virtual” holes B; near 0f)
that are in fact in the fluid domain Q¢ according to our conventions, cf. Assumption
2.6 and Fig. 4 (the gray hole contours in the periodic cells cut by the boundary
09). One should thus define properly the cell velocities w; inside By. The usual
extension by 0, which worked fine in all the previous calculations, does not suffice
here because it does not give a twice differentiable function. We thus introduce an
extension w; of w; from F to Y such that @; = w; on F and w; is of class C? on
Y. Now, consider

W = e (wi)e (fi — 0ip”*) -
Similarly, let 7; be an extension of m; from F to Y such that 7; = 7; on F and 7;
is of class C'' on Y. Introduce the expansion of first order in ¢ for the pressure

ot =p" () (fi — ") (40)
Thus, the residual due to the homogenization in eq. (1) is given everywhere on Q¢
b
’ Foi=—=A(u—a")+V(p—p")
= [+ (Aw; = V,)(fi — 9ip”)
+26(Vw):V(fi = 0ip™) + €% (i) A(f; — 9ip") (41)
= Vp* — (7)) V(fi — 0ip").-

Rearranging the terms yields
Fo = 2e(V;) V(fi — 0ip") + &2 (0:)A(fi — 0ip") — e(70)V (fi — Dip”)
+ (Aw; — V7, +e;):(fi — 0ip”) .
The terms in the first line above are of order ¢ or higher. The terms in the second

line are of order 1, but they vanish in fact at all the fluid cells F;, i € Z. Since the
measure of the remaining part Q° \ U;czF; is of order &, we get

[Fellz2ee) < CVellf — VD'l 20)ncr @) - (42)

We summarize all the derived bounds as follows: the functions w — @*, v — u® €
HY(9f)? and p — p=! € L?(Q°) satisfy

~Alu—a)+V(p—-p)=F. onQ°, (43)
div(u —u®?) =G. on Q.,
uw—utl =0 on 0B°,
u—utt =g on Of).

Apart from the difference between @* and w3, this is a Stokes system and we
proceed with bounding the norms of its solution in the standard manner, cf. [20],
using the inf-sup Lemmas 3.2 and 3.3. Indeed, Lemma 3.2 assures that there exists
v, € HE(QF)? such that

| Q

. E *
div Up = Gg and |’Up‘H1(Q6) < ||G€||L2(QE) < Ce2 ||f - Vp ||H2(Q)ncl((2) .

€
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Recall that O° with § = ce as introduced above, does not intersect B*. Then, in
view of the definition of g (39) and equations (27)—(28), Lemma 3.3 assures that
there exists v, € H'(Q2°)? supported in O° and thus vanishing on B® such that
divv, = 0 on QF,

C 3
vp = g on 9Q and |vp| g1 (q,) < %Hchl(Q) <Cez||f = Vp*levq -

Set v = u — u®3 — v, — v, and observe that v € H}(€2:)? and dive = 0 on °.
Multiplying (43) by v and integrating over Q¢ by parts yields

V(u—a"): Vo= F.-v< ||FEHL2(QE)||U||L2(QE) < CEHFEHL?(SF)|U‘H1(ﬂf) :
Qe Q¢

We have used here Poincaré inequality (35) with ¢ = v. Thus,
|U|§{1(Q5) < C€||FE||L2(Q£)|U‘H1(Q5) — A V(ua’?’ + Up —+ vy — ﬂ*) : Vo

< (CE”FEHL?(QE) + |’(~L* — UE’3|H1(Q.5) + |1}p|H1(Qs) =+ |'Ub|H1(QE)) ‘U|H1(Qs) .

We observe
w* —u* = 52(’@1‘ - wi)g (fz - (’“)ip*)

and

* £,3 __ 3 1, e * 3 5 *

ut —us” = =" (1) (Vo) (fi — 0ip™) — €°(7ij)en” 05(fi — Oip™)

which entails |@* — u*| g1 () < Cez||f — Vp*[lc1(q) since w; — w; vanishes in °
outside of a band near 9Q of width of order ¢, and finally |@* — u®3|y1(gs) <

Ces|f - V¥l m2(@)nci (o) thanks to the bounds (36). Combining this with (42)
and the above estimates on v, and v, proves

3 *
vl ) < Cez||f = VD | m2)ner @) »

and consequently (30) by the triangle inequality. The L? estimate (31) follows
thanks to (35).

To prove the remaining estimate for pressure (29), we take v € H} () such that
dive = p — p°! as constructed in Lemma 3.2, multiply (43) by v and integrate by
parts

/E(p—ﬁe’lf=/E<p—ﬁ671)divv= Foov— | V(-a):Vo

Qe Qe
3 . 1 . }
< Ce? || f=VD | sz yncr@lvl i) < Ce? | F=VD | a2 yner @) Ip—57 | 22 0e) -

using the estimate in Lemma 3.2. Thus, by the triangle inequality,

* ~ ~ * 1 *
Ip = p*llL2e) < llp =55 200y + 117" — P 2000y < Ce2||f — VD™l 120y (@) »

5el —

since (p p*) term is of order € as seen from (40).

4. Technical lemmas. We assume implicitly in this section that mesh 7 is quasi-
uniform, as described in the beginning of Section 2 and that Assumptions 2.2-2.3
and 2.6 are valid. The weights w; are assumed to be chosen as in (19), i.e. we only
study the CRg3 variant of the method.
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4.1. Some lemmas borrowed from the usual finite element theory. The
results collected in this section are well known. We emphasize however that they
are valid on general polygonal meshes, which is a setting different form that of the
standard textbooks, like [6, 17].

Lemma 4.1. For all T € Ty, all the edges E C 0T and allv € H'(T)
loli3 e < € (H oler + HIVUIZacr ) - (44)

Proof. This is the standard trace inequality properly scaled to a domain of diameter
~ H.The exact value of the constant C' is given in Theorem 1.5.1.10 of [21]. O

Lemma 4.2. Let Iy be the L?(2)-orthogonal projection on the space of piecewise
constant functions on Tg. For any f € H'(),

If =T fllr2) < CH|f|av () (45)
holds with a constant C > 0 depending only on the reqularity of Ty .

Proof. This is a standard finite element interpolation result. It is proven by a
Poincaré inequality on the reference element and scaling. If all the mesh cells are
convex, one can take C'= 1/, cf. [3]. O

Lemma 4.3. There exists a bounded linear operator Iy : HY(Q) — H(Q) such
that ITgv is a polynomial of degree < 1 on any edge E € Eg for any v € HY(Q) and
it holds

v —v|[z2(0) < CH|v|m1(0) -
Moreover, if v € H?(S),

[ v —v|gi) < CH|v|p2(q)
holds with a constant C > 0 depending only on the reqularity of T .

Proof. One can simply take Iy as the usual Clément interpolation operator on P;
finite elements if Tg is a triangular mesh. Otherwise, we consider '?H a submesh
of Ty which consists of triangles only. To construct 7\'H, one only needs to remesh
the reference element 7 in triangles, without adding nodes on dT. Applying the
mapping K on each element of T one obtains then 7A'H. We can now define Iy as
the Clément interpolation operator on P, finite elements on 7A’H O

4.2. Lemmas related to perforated domains and oscillating functions.

Lemma 4.4. Suppose H > ve with some big enough . Let T C Ty and take any
v € HY(T)? vanishing on BE NT. Then,

vl L2ory < CVelvlpi(ry - (46)

holds. The constants v > 0 and C' > 0 here depend only on the regularity of mesh
Ta and on the perforation pattern B.

Proof. We can safely suppose that the perforation pattern B contains a disc of
radius ¢; > 0. It means that each perforation £Bj, k € Z? contains a disc of
radius 79 = c1e. As shown in Fig. 5, the boundary 0T can be decomposed into non
overlapping segments S°, 51, S% ... such that each segment S lies at a distance no
greater than coe from the center of a disc of radius rg which lies completely inside
B NT. In order to do this, we should suppose that the mesh cell is big enough,
hence the restriction H > «ye. Thus, to each segment S we associate a disc of radius
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FIGURE 6. Local coordinates system associated to some S*

ro centered at a point O and a “sector” D (see Fig. 6) which is bounded by two
lines intersecting at O, by S itself and by a portion of the circle centered at O.

Let us fix a segment S as above and introduce properly shifted and rotated
polar coordinates (r, ) such that r = 0 corresponds to the disc center O and 6§ = 0
corresponds to the direction normal to S, cf. Fig. 6. The segment S is parameterized
in these coordinates as

0 e [0475] — X = (Ze) with rg = h

cos’
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where h is the minimal distance from point O to the line containing S 'and o < 0 < .
A simple geometrical calculation yields

h
dXg| = ——db
4| cos26

/v —/ (ro,0 0d9

where we write v as a function of polar coordlnates (r,0). Since v vanishes in the
holes, we have v(rg,0) = 0 and

re 811 > h
/’U / ( v 9)dr> md&
2
g/ (/ vl e)m«) (ro — r0) L o
S(max o r(,)/ / |Vo|? rGrdrd9<C’s/|Vv\2
0€la,pB]

with some constant C' > 0. Indeed, under our geometrical assumptions we have
(Te 7‘0)7”9 <
h —

so that

3
h > rg > ci1e, 19 < c9e so that 25 Now, summing up over all
the segments composing 01 and noting that the sector D corresponding to such
a segment S is inside the cell T and, moreover, for any two segments S,S’ the

corresponding sectors D, D" do not intersect, yields (46). O

Lemma 4.5 (Poincaré inequality on a perforated mesh cell). Suppose H > ~e with
7y from Lemma j.4. Then, for any T € Ty and any v € HY(T)? vanishing on BENT

lvllz2¢ry <eC |U|H1(T) (47)
holds with some positive constant C' independent of € and H.

Proof. Applying a Poincaré inequality on the reference cell Y with the hole B and
then rescaling to the cells of size € gives

||U||L2(Yk) <eC |U|H1(Yk)

for any perforated cell Yz, k € Z? and any v € H'(Y})? vanishing on Bj. Let
I(T) C Z? be the set of indexes corresponding to the cells inside 7' and assume that
the boundary of T' is composed of m edges E1,..., E,,. One can then introduce
m rectangles IIy,... II,,, each II; with base E; and of width (in the direction
perpendicular to E;) < ce with some H-independent constant ¢, so that

TCUkeI(T)YkUILU-nUHm,.

We can also safely assume that every point in T is covered by at most 3 subsets
on the right-hand side of the inclusion above, i.e. at most by a cell Y and by two
rectangles IT;.

Let us introduce the Cartesian coordinates (£,n) on rectangle II; so that n = 0,
¢ € [0, |E;|] corresponds to E; and the coordinate 7 varies from 0 to some h; < ce
on II;. Assuming that v is extended from II; N T to the whole of II; so that the H;
norm of v over II; remains bounded via that over IT; N T, we calculate

|Ei|  phs
loll2,, = /0 /0 V(€. m)dde
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| E;| |Es|  phi
=hi/0 v2(£,0)d§+/0 /O /0 20(&, 8)0yv (&, s)dsdndé

1
< cel|vl|Fa g, + 5””“%2(1'[7;) + Ceolin ) -

Thus,
\|U||2L2(an) < C(EH’UH%Q(Ei) +€2|U|H1(HmT))~

Summing over all the cells Y, k € Z(T') and all the rectangles II; and reminding
that each point of T is covered by at most 3 such sets, gives

ol Z2r) < ClellvllZzor) + 0l r))

which entails (47) thanks to Lemma 4.4. O

Lemma 4.6 (Poincaré inequality in H' - broken spaces). For any v € V5
||U||L2(Q5) < EC|’U|H1(QE) (48)
holds with some positive constant C indepdendent of €.

Proof. We distinguish two cases: H > e with v from Lemma 4.4 and H < ~ve. In
the first case, the current lemma is a simple corollary of the previous one obtained
by summing (47) over all the mesh cells. We thus assume from now on H < ~e.
Borrowing from [5] the idea of using an embedding theorem for BV spaces (the
functions of bounded variation), we can write on each cell Yy, k € Z? (of size ¢,

ext

with the perforation By inside) and any v € V57" extended by 0 outside

lvllL2(v,y < CTVy, (v) :=C sup / vdivp. (49)
©€CL(Ya),lwl<1 on Yy /Yy,

We have applied here Theorem 2 from [5], the proof of which can be found in [2,
Chapter 3]." Note that we can use the semi-norm TVy, of the BV space since v
vanishes on the perforation By. The constant C' is in principle domain dependent
but it can be considered e-independent in our case. Indeed, the inequality above is
invariant under scaling  — (z — xy)/e so that the value of C' can be taken as that
on the reference cell Y with its reference perforation B.

Integration by parts and the Cauchy-Schwarz inequality give for any ¢ € C&(Yy)
such that |p| <1 on Yy

vdivgp‘: —/ Vv - ¢+
frave] == [ oo 2

/ [oln- ¢
Fegy YVeNE

< efolmiey) + ( > I[[v]]lliz(ymE)> ( > M ﬂE|>

Ecty Ecty
%
e
<eplmpy) +C—= ( > 2y, mE)) -
\/ﬁ Ecéy ’

1We recall that the ambient dimension is assumed equal to 2 in this paper. Were we interested
in the case of a perforated domain in R% with d > 2, we would have the norm of L4/ (=1 rather
than L? in the left-hand side of (49). A proof of (48) could be then performed by first applying
(49) to |v|* with a = 2% rather than to v.
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Indeed, the number of mesh edges intersecting Y is of the order of 5—22 and the

length of each edge is smaller than H so that » p e [YVi NE| < C%. Taking the
supremum over ¢ gives

52
[0 F2(v,) < C (621’?11(1@) T Z |[[U]]||2L2(YkﬂE)> :
Ecty

Summing this over all the cells Y, gives

52
120y < C <€2vlil<m b > I[[v}]llia(yw) :

Ecéy

By the trace inequality [|[[v]][|75y,, < CH[v[%,,), this entails the desired result

HUH%Q(Q) < Ce? <|U|%11(Q) + Z |U%{1(ME)> < 052\71\%{1(9)-
Ecéu

O

The three preceding lemmas could be established under more general geometrical
assumptions than the periodic placement of the perforations. For example, a bound
similar to that of Lemma 4.5 can be found in [34, Lemma A.1] in the case of
randomly distributed perforations that are at a distance of order ¢ from one another.
On the other hand, the proof of the following lemma uses extensively the results and
notations on homogenization from Section 3, so that the periodicity assumption is
essential there. This lemma will be the principal ingredient of the proof of Theorem
2.7.

Lemma 4.7. Let u,p be the solution to the Stokes system (1)—(3) and set p =
p* + p' where p* is the solution to the Darcy problem (27)—(28). Under the same
assumptions as those of Theorem 2.7 with ~v from Lemma 4./, we have, for any
veZGg i ={ve Vgt divu|r =0VT € Ty}

S [ (Vwn—p-

TETu
9 *
<ce(ve \/;) ol ey I = V5 lirzoncncays - (50)

where the constant C' is independent of H, €, f and v.

Proof. Using the divergence theorem on any 7' € Ty and reminding (40) and dive =
0 on T, we observe that

S [ (Vo

TET

TETH

=3 [/Qw(vuva*):vw/ (Va* — (p=' —p*) I) : Vv

TETH QenT

[ =]
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= Z/ (Vu—Va*): Vo +
TeT Q=nT

- Aw* — V) v, 51
TgT:H/QﬁT(f+ ' r oy

> [ (v )

TeETu

The first term in the sum above can be bounded by
Cevellf = V'l w2 @ner @ [vlm @s)

using the homogenization estimate (31). We turn now to the second term in (51).
Using Lemmas 4.1 and 4.4 and the fact that w;, 7; and Vw; are uniformly
bounded, we have for any T € Ty

/ (Vi — (' — p*)n) - v
QeNoT

/ [e(Van)en(fi — 0p") + £2(@0)e - V(fi — Bip)n — e(@)e(fi — 0p")] -
OTNE

< ClwllrzemEllf = Vo llz2or) + 2V (f — VD) || r2(om)]

<Ce\lg (ol ry I = Vo' e -

Now, summing up over all the cells and using the discrete Cauchy-Schwarz inequality

yields
* ~ * e «
S [ (= =) 1| < Gy el 1 = 0
TeTy ¥ 2NoT
To bound the third term in (51), we recall the definition of F; (41) and observe that
f4+ A -V =F..

Thus, using the estimate of F. and the Poincaré inequality from Lemma 4.6,

< Cevellf = Vo' lm2@pner @ 0] e

(f + Aw* — Vi~h) 1 v

Summing up the bounds for all the three terms in (51) yields (50). O

5. Proof of Theorem 2.7. We note first of all that error estimate (20) is trivial
if H is of order ¢ or smaller. Indeed, if H < ~ye, then (20) is reduced to

lu —unlmi) +elp —pullz@) < Ce(llf — VD'l m2)ncr @ + 1" a2@) » (52)

with a constant C' depending on . But we have, in fact for any ¢ and H,

[ul 1) + €llpllz2 @) < CellfllL2()
lum | o) +ellpa L) < Cell flle2@) -

These estimates for the velocity are easily obtained from the Poincaré inequality on
the perforated domain Q° which is valid even for the broken H' Sobolev space, as
proven in Lemma 4.6. As for the pressure, these are the standard bounds for the
solutions of saddle-point problems since the inf-sup property holds with a constant
of order ¢ both on continuous and discrete levels, cf. Lemmas 3.2 and 2.5. This
clearly entails (52) and consequently (20) if H < ~e.
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We thus assume from now on H > ~e with v from Lemma 4.4 and use without
further notice Lemmas 4.4, 4.5, 4.7 from the previous section. Our error estimate
is essentially based on a Strang lemma (e.g. [6, Lemma 10.1.7])

: (53)

‘uiuH|H1§ inf |U*U|H1+ sup M
vesu vezi\oy  [vlm

where u is the solution to (1)—(3) and ug is the solution to (15).
To bound the first term in (53), we recall that u is the solution to problem (1)—(3)
and introduce

Yy ([ oves) 2ra

Ecfy i=1
Z Z (/ U - ¢E,i) WE,i(CU)>
Ecfy i=1

with @ ; and 7g,; defined in Lemma 2.4 with the weights wg, chosen as in (19).
Observe, for all edges E € £y and all cells T' € Ty, that

o
/wEUH nE—/wEU ng ,

(Vog)n —qun =a+bngyr on (each side of) F (54)
with a € R%, b € R,
—Avg +Vgg =0on TN, .

By construction, vy € V. Moreover, it is easy to see that vy € Zy. Indeed, for
any T € Ty we have divvoyg = ¢ on T\ B¢ with some constant ¢y and

cT\T\BE\:/diVUH:/ n~vH:/ n-u=0,
T aT aT
so that ¢ = 0.

We also have, setting p = p* + p/, as in Lemma 4.7

|u—vH|§{1(QE) = Z /QQTV(U_UH):VW_UH)

1T
> |0 = am)divu =)
_ T;H / Ao V6 ) (u=vm) (5)
_ T;H /8 o) (Ve = anm).

We now successively bound the three terms of the right-hand side of (55).
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e For the first term, we observe that fE s(u—vg) -ng =0 for any F € &y
and for any polynomial s € Py (E). It means that VI € Ty and Va € R?

Jarw=om = [ Va-2)-w=vm) = [ (@ o= =0,

since div(u —vgy) = 0. In particular,
S [ M= V) (- om) =0,
TeTy /0T

where Il is the projection on piecewise constant functions, as in Lemma 4.2.
Recalling the last line in (54) and using (45) and (48), we get

S [ A=)+ VO - ) (- o)

TETH

S [ (- ) )
17, Josnr

< I =Vp") =u(f = V)2 v — vall 200
< CeH|(f = VP )|yl — vl (s -

e The second term in (55) is bounded by

3 *
Ce (ﬁ + ”H) lu — UHlHl(QE) If—Vp ||H2(Q)mcl((2) )

thanks to Lemma 4.7.

e The third term in (55) vanishes. Indeed, on each edge E, we know from (54)
that n - Vog — gqun = a + bngyy with some constants a € R%2, b € R and
Jpla+bngyp) - (u—wvg) =0 by construction of u — vg.

Collecting all these estimates, we deduce that

6 *
lu —vi |1y < Ce (\@-F H 44/ H) 1f = VD™ 2 )ncr @)

This concludes the estimate for the first term of (53).
We now turn to the nonconformity error, i.e. the second term in (53). Let
v € Zg. We use (15) and dive = 0 to compute

V(u—wug): Vv
Qe
:Z (/ Vu:Vv—/ p’divv)— fev
Tery \JasnT Q=nT Qe

> /BTHQE’U-((Vu)n—p'n)— > (f+Au—Vp')-v

TETy TeTy 20T
= Z/ v ((Vu)n —p'n) — Z/Vp*-v.
TeTy 7 OTNE TeTu /T

The first term in the right-hand side above is bounded thanks to Lemma 4.7 by
Ce (Ve+ /%) IIf = Vo l2)ncr @) vl g1~ To bound the second term, we shall
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use Iyp* € HY(Q) as constructed in Lemma 4.3. Observe that
Z/VIHP U—Z/IHP ng - [[v)] =0, (56)
TeTH Ectn

since Igp* is a polynomial of degree < 1 on each edge £ € £y. Thus, using
Lemmas 4.3 and 4.6,

= o

Z/Vp —Inp*)-v

TeTn TeTn
< |p* = Iup*|mv@llvlizz ) < eHIp"|m2@)lvlai@) - (57)
Finally,
sup la(u — um, )|
veVy\{0} V] g

<C€K\f+\/ +H) 1f = Vo g2 (@)ner @ + HIp |20

which proves the estimate for (u — ug) in (20).

Remark 6. We have just seen that the nonconformity error has been treated with
the help of the trick (56)—(57) which requires the jumps of the normal component
of velocities in Zp to be orthogonal to polynomials of degree 1 on any edge. This
is exactly the motivation to introduce the weights CR3 (19). This proof would not
work with CRy weights, even if the MsFEM bubbles were added, as suggested in
Remark 4.

We turn now to the error estimate for pressure. Using operators Iy and Iy from
Lemmas 4.2 and 4.3, we set p}; = Uy Igp* € My, i.e. the L?-orthogonal projection
of Iyp* on My. By interpolation estimates (45), (4.3) and homogenization bounds

1P5 = Pllzze) < 1u(Tup” = p*)llrz@) + 1™ = p*llrz@) + Ip* — pllrzos)

< |Muap® = p*l2) + 1Map™ = [lz2) + [1P* — pllL2 (00

< C(Hp" @) + Velf = VP llr2@)ner@)- (58)
Now, in view of the inf-sup lemmas (2.5) and (3.2), there exists vy € Vp such that
for any T € Ty

. * € C *
divog = pg —pyg on TNQ* and |vg|pi(q) < ;HpH —pullLeee) - (59)

Integration by parts element by element yields
I = il = | o i) divon
QE

= — fog+ VuH:VUH—/ py divoy
QE QE =

= / (Au—V({* +p))va+ | Vug:Vuy —/ Py divoy
€ QE

€

> /3 . vg-((Vu)n —p'n)

= Viug —u) :VUH—i—/ p divog +
Qs TETu

Qs

- V(p* — Iup™) vy — Vigp* vy —/ phy divog .
Qe Qe e
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In fact, the last two terms above cancel each other. Indeed,

7/ VIHp*me/ Py divog = — Z /IHp*[[n-vH]]
c Qe E

Ecéy
+/ (I*HH)(IHp*)diVUH =0.

This is zero since [[n - vg]] is orthogonal to the polynomials of degree < 1 on the
edges and divoyg € My.

We can now apply the already proven upper bound for the velocity error (u—ugr)
in (20), Lemma 4.7, and bound (57) to conclude

[F2zs —PEH%%QE)
€ . X
< Ce|(VE+ 5+ H) 1 = 95 laancrian + HI Lo ol

+ 192 )l divvm | L2 (o) -

Recalling the properties of vy (59) and the homogenization estimate (29) for p’ =
p — p*, this entails

* € * *
lpe — pulle: <C {(\/54- VI +H) If = VD[l 2 )ncr @) + Hlp |H2(Q)} ;

which in combination with (58) gives the error estimate for pressure in (20) by the
triangle inequality.

Remark 7. The MsFEM approach presented here can be extended to the 3D case,
with some caveats. In order to keep a 3D analogue of (54), we should require then
5 weights wg;, cf. (19), to allow for arbitrary linear polynomials in the normal
direction on every edge. The numerical analysis of Sections 4 and 5 would then be
extended flawlessly from 2D to 3D.

Extending the homogenization error analysis of Section 3 is much less straight-
forward. Here, in 2D, the analysis is carried out for periodic, separated obstacles.
Physically, this corresponds to a flow between vertical pillars, attached to the immo-
bile wall at the bottom/top of a 3D domain that can be projected on the horizontal
plane. In 3D, homogenization error estimates are available in [36], but they are ob-
tained under the same geometrical assumptions as in 2D: one models a fluid flowing
between isolated sphere-like obstacles, that are not connected between themselves
or to anything else, but remain immobile. The physical relevance of such a model
is debatable. Obstacles made of a connected, porous structure would be closer to
the reality, cf. [1], but a quantitative homogenization error analysis in this case is
not yet available.

6. Numerical results. In this section we show some results of numerical com-
putations, for both variants of our method, CRy and CRs, cf. (18) and (19). All
calculations are performed in FreeFem++ [22], the scripts are available at the fol-
lowing address: https://github.com/gjankowiak/stokes_msfem.

6.1. Implementation details. The Crouzeix-Raviart MsFEM as presented so far
relies on the exact solutions of the local problems in the construction of the basis
functions. In practice, these problems should be discretized on a mesh sufficiently


https://github.com/gjankowiak/stokes_msfem

30 GASPARD JANKOWIAK AND ALEXEI LOZINSKI

fine to resolve the geometry of obstacles. To avoid complex and ad-hoc grid gener-
ation methods when solving (1)—(3) in € we replace it with the penalized problem,
cf. [32]. To calculate both the basis functions and the reference solutions, we use
the P1-P1 FEM on the uniform Cartesian grid 7, of step h < H. As is well known,
this choice of velocity and pressure spaces requires some stabilization which weak-
ens the condition V - 4 = 0. The simplest way to achieve this is by perturbing the
incompressibility constraint with a pressure Laplacian term, see [7] and [32]. Note
that the error introduced by the penalized problem (of order v/h) is larger than
that of the P1 — P1 FEM stabilization. A more accurate discretization of local
problems, on fine meshes resolving the obstacles, is presented in [18, 19].

The reference solution is calculated on the global mesh of the same size as that
for the MSFEM basis functions.

6.2. Test case with periodic holes. For our first test case we choose 2 = (0,1)?2
and B¢ as the set of discs of radius /4 placed periodically on a regular grid of
period e = 3=. We solve Stokes equations (1)=(3) on QF = Q\ B® with f =

35"
—(z2—1/2) . . 1
100 2 —1/2 . The fine regular Cartesian mesh with h = 575 is used to

compute both the reference solution and the MsFEM basis functions. Numerical
results in Fig. 7 clearly confirm the superiority of the CR3 variant over the CR2
one.

A (coarse) mesh refinement study is reported in Fig. 8. The error curves for
the CRj3 velocity approximation are somewhat difficult to interpret. Qualitatively,
they confirm the complex structure of the error, as suggested by the theoretical
estimate (20). The error comes from two principal sources: a standard finite element
approximation of the homogenized pressure (the error of order H in the H! norm),
and the spurious boundary layers in the MSFEM basis functions near the edges of
the mesh (the error of order \/e/H). At the range of H to € ratios that we were
able to investigate, neither of these factors seems to prevail over the other (similar
findings are reported in [30] in the case of diffusion equation on perforated domains).
Moreover, there should be more subtle sources of the error that are not revealed
by our theoretical analysis. For instance, the approximation seems to improve
significantly when the size of coarse mesh cells H is a multiple of the period of the
obstacle structure . This phenomenon is much less noticeable for CRy, presumably
because of the general poor approximation it provides (as expected, CR3 variant of
the method produces a much more accurate solution than CRsy one).

The error curves for p—py (with py being the piecewise constant approximation
to the exact pressure p) are qualitatively better than the theoretical bound (20).
Apart from the piecewise approximation py we also report on an “oscillating” re-
construction py + 7y (uy) as suggested by (11), i.e. reusing the local pressure
contributions 7g ; associated to the velocity basis functions ®g ;. Somewhat sur-
prisingly, this does not improves the accuracy of the approximation, except for our
finest mesh with H = e.

6.3. Channel flow. We turn now to a more realistic test case: a flow in a rectangle
Q = (0,2) x (0,1) with around 2500 obstacles B¢ of size 10~ randomly distributed
inside the domain, with a parabolic velocity profile prescribed on the left and right
sides of Q. We solve thus (1)-(2)—(17) with f = 0 and the boundary conditions
u = z2(1—x2)e; on 9N. The adaptation of our method in view of non-homogeneous
boundary conditions is presented in Remark 3.
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FIGURE 7. Test case of Section 6.2, cropped to the upper left quad-
rant. From left to right: fluid domain Q¢ with obstacles in black;
the reference solution on the 2160 x 2160 grid; the CRy MsFEM
solution on 15 x 15 grid; same with CR3. On the last 3 plots, the
velocity magnitude is represented using the same color code every-
where.
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FIGURE 8. Test case of Section 6.2. Left: the relative error in
velocity u — ug in L? and H' norms. Right: the relative error in
pressure computed either as p — py (denoted Py) or as p — py —
7 (ugr) (denoted osc.). The mesh size H varies from 1= down to
ﬁ with € = % The fractions indicate the ratio ;’,51,
recall that 135 and H~! are the number of obstacles and coarse
cells along a given axis, respectively. When this ratio is an integer,

the approximation error improves.

where we

The reference solution and MSFEM CRy and CRj3 solutions (namely the u; ve-
locity component) are reported in Fig. 9. We observe that the CR3 variant captures
the essential features of the solution even on a very coarse 8 x 4 mesh, while the
solution produced by the CRjy variant is completely wrong. The errors on a suc-
cession of coarse meshes are reported at Fig. 10. As for the pressure, we can note
that its “oscillating” reconstruction pg + g (up) is systematically more accurate
than py alone (contrary to the previous test case), but a significant improvement
is observed only on the coarsest meshes.

6.4. Cavity driven flow. Finally, still in a rectangle Q = (0,2) x (0,1) with 100
randomly distributed obstacles of size about 1073, we solve (1)—(2)—(17) with f =0
and u = e; on the top boundary and v = 0 on the rest of €. Some solutions are
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FIGURE 9. Test case of Section 6.3: channel flow. Top left : fluid
domain 2°, with obstacles in black. Top right: the reference solu-
tion on the 2160 x 1080 grid. Bottom: the MsFEM solution on 8 x 4
grid; CRg on the left, CR3 on the right. The velocity magnitude is

represented on the contour plots.

>
ERN = o7 g
5} — [ 4 ®
el r : ,’ﬂ s g’.
g I ] | - 47103
] - a

L B . 2 o
2 _ o 8
" - B -

y o

gl | ‘ .
5} o 5
o
- 2
E R S - 8
% S - o0 - CRy Llerror | -—©o- CRe Py | |© (é
- — 4 - CRy H' error — - CR; osc. L a

—e— CRg L? error
—=&—CR3 H' error

—e— CR3 Py
—a— CRj osc.

1072 1071 1072 10—t

Coarse cell size H Coarse cell size H

FicURE 10. Test case of Section 6.3. Left: the relative error in
velocity w — ug in L? and H' norms. Right: the relative error in
pressure computed either as p — py (denoted Py) or as p — py —
7 (ug) (denoted osc.). The mesh size H varies from ; down to

L ith e — L
mWIth€—135.

represented at Fig. 11 and the errors are reported at Fig. 12. As for the pressure,
the improvement produced by the “oscillating” reconstruction py + 7wy (ug) over
pm alone is now observed on all the meshes. Summing up all the observation
with respect to this issue, we conclude that putting some extra effort into the
reconstruction of the oscillating part mp (up) is beneficial (sometimes significantly)
in the majority of cases.
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FIGURE 11. Test case of Section 6.4: cavity driven flow. Top left :
fluid domain Q¢, with obstacles in black. Top right: the reference
solution on the 2160 x 1080 grid. Bottom: the MsFEM solution
on 8 x 4 grid; CRs on the left, CR3 on the right. The velocity
magnitude is represented on the contour plots.
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